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Abstract

In this paper we show that the sizes (weights) of heat and fluid flow systems that function on board vehicles such as aircraft can be derived
from the maximization of overall (system level) performance. The total weight of the aircraft dictates its fuel requirement. The principle
owes its existence to two effects that compete for fuel. Components, power plants and refrigeration plants operate less irreversibly when they
are larger. Less irreversibility means less fuel needed for their operation. On the other hand, larger sizes add more to the mass of the aircraf
and to the total fuel requirement. This tradeoff pinpoints optimal sizes. The principle is illustrated based on three examples: a power plant
the size of which is represented by a heat exchanger, a counterflow heat exchanger without fluid flow irreversibility, and a counterflow heat
exchanger with heat transfer and fluid flow irreversibilities. The size optimization principle is applicable to the organs of all flow systems,
engineered (e.g., vehicles) and natural (e.g., animals).
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1. Introduction the flight. Assume that the total madg of the aircraft
has three components: the mags of the fuel, the mass

The total weight of the aircraft dictates its propulsion mpa of the heat transfer surface employed by all the heat
power requirement, and limits its range. A smaller total exchangers of all the energy systems on board, and the rest
weight is better. If the engine can be made to function more of the aircraft massio):
efficiently (less irreversibly), then a smaller amount of fuel
needs to be installed on board. On the other hand, engineM = ms + ma + mo (1)
components (e.g., heat exchangers) must be larger to be
more efficient, and this tends to increase the total weight The massng includes everything: the body, the payload, and
of the aircraft. There is a balance between the fuel and all the remaining components of the energy systems installed
engine contributions to the total mass. In agreement with on board. The fuel mass is time-dependent;), as the fuel
the main line of constructal theory, there is @ptimal way is consumed gradually during the mission. The other masses
to distribute the imperfection [1] between the internal and  (ma, mo) are fixed by design. The representative order of
external flows of the aircraft. In this paper we show that from magnitude of the fuel masa;(¢) is the amount present
the same principle results the optimal size (mass) of a flow at take-off,mf = ms(0). We are interested in the optimal
component that functions on board. balance betweema andmsqg.

The internal flow resistances in this first example are  The simplest way to begin (Section 2) is to rule out time-
represented by the engine inefficiency, while the external dependent behavior, and examine the instantaneous (per unit
flow resistances are reflected in the power required to sustainime) operation of the aircraft. The instantaneous amount of

fuel (ms) will be compared with the competing massy),
~* Corresponding author. with the objective of minimizing the mechanical power that
E-mail address: dalford@duke.edu (A. Bejan). is required for propulsion (flying).
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Nomenclature

a dimensionless area Vv VeloCity ... wrt

A AT oottt m W POWET . . .ot W

c1 rate pf fuel consumption, Eq. (14) Greek symbols

c2 fraction of the power required to fly and ]

the twice maximized power extracted 8 thickness of the heat transfer wz_ill .......... m
from a hot stream AT stream to stream temperature difference... .. K

c3 group, Eq. (23) AP pressuredrop....... R R ERRES Ra

ca group, Eq. (24) e heat exchanger effectiveness

cs group, Eq. (38) 0 g_roup,.Eq. (40) .

cp specific heat at constant pressure :kgJ®.K—1 N V|_sc05|t_y ......................... kem)~

Co drag coefficient T dimensionless temperature, Eq. (35)

D linear dimension of the flying body......... m  Subscripts

f fouling factor a air

F drag _force ............................... N A heat transfer surface

Fy function, Eqg. (10) b flying body

8 graVity .............................. 'BTZ f fuel

Gv factor, Eqg. (13) fo fuel at timer =0

Ij length. ... ..o ) m ny hot stream

m massflowrate....................... kg L low temperature, collecting stream

m mass......... EEEE TR R kg min minimum

M total mass of aircraft ..................... K8 mm maximized twice

Ns entropy generation number, Eq. (39) opt optimal

N number of heat transfer units out exit

p PEHMELEr. ... m ey reversible

P PreSSUMe. ..ttt ettt eees Pa ¢ surface

0 _heat transferrate.......................... Wy horizontal component of the exit velocity

R ideal gas constant............... kg tK™1 0 rest of aircraft

Sgen  entropy generated ................... Kt 0 ambient

S Stanton number 1,2 sides of the heat transfer surface

t Me . s )

T temMPerature . ......o.veeeeeieeneeennns. K Superscript

U overall heat transfer coefficient. .. W 2.K~1 ) dimensionless variables, Eqgs. (19), (23) and (35)
2. Power required to sustain flight vertical componenYyown in order to develop a vertical flow

of momentum to support the body force:
2 2 12

As shown in Ref. [1], the most basic features and needs Vour= (V&' + Vidown) @
of powered flight are retained in the simple model of The vertical momentum balancedgD3g ~ 11 Vgown, OF
Fig. 1. The flying body of mas#/ has the single linear obgD
dimensionD, densitypp, and horizontal speed relative to Vdown ~ paV 3)

the surrounding air. The air density is much smaller than
pb. This leads to the global requirement that the net vertical
body forceMg ~ ppD3g must be supported by other forces.
The generation of the latter is achieved through the relative
motion called flight.

Consider the conservation of mass and momentum in7Vx ~mV + F (4)
the control volume occupied by the flying body and the The grag forcer is of order of Cp D2paV2, where D2 is
immediately close fluid regions affected by relative motion. the scale of the body cross section. The drag coeffidgnt
In the steady state, an air stream of mass flow rate is a relatively constant number of the order of 1, because
paD?V enters the control volume and the same stream the Reynolds numbelpgV D/ua) is greater than the order
exits (1 ~ paD2,Vour - The exit velocityVoy: must have a  of 10? (e.g., Ref. [2, p. 325]). This means that the ratio

The conservation of horizontal momentum is the state-
ment that the momentum generated by the outfiowwy)
must balance the retarding forces associated with momen-
tum inflow (V) and drag £):
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Fig. 1. Simple model and interactions of a flying body.

F/m scales a¥ . In summary, the flying system must spend When the flying speed is significantly less than the optimal,

exergy or mechanical powe#) in order to increase the
kinetic energy of the air stream from the inlgt V2/2) to
the outlet(ri V3,/2):
1
>(Vou—V?) 5)
In an aircraftW is produced by the power plant installed
on board: W is drawn from the chemical exergy of the
consumed fuel.

By using approximations (2)—(4), approximatim@ ~
(V 4+ F/m)? ~ V24 2V F/m, and neglecting all the factors
of the order of 1, we can eliminat&yown and rewrite
approximation (5) as

W~

. pg?D?

W + paD?V?
paV

(6)

the power requirement is dominated by the need to hold (lift
repeatedly) the body in the air. In the opposite extreme the
power is spent mainly on overcoming drag.

It is reasonable to allow the cruising spe#&dto vary,
however, its order of magnitude will be dictated by the
Vopt Scale. To emphasize this, in Eq. (6) we replacdy
(V/ Vopt) Vopt, WhereV /Vope ~ 1, and Vopt is furnished by
Eq. (7). Theresultis

3/2
pb/ g3/2 p7/2

~ TFV 9)
Pa
where
Vo t _ V 8
Fy=3"4"% .3 3/4(—> 10
v v + Vopt (10)

The function Fy is minimum whenV = Vop. The value

This two-term expression shows the power that is re- of 1 is of order 1 whenV is comparable WithVopt. The
quired for maintaining the body in the air (the first term) and  5jternative to Eq. (9) is to replade in terms ofM, by using

overcoming the drag (the second term). Changes in the fly- e scaling lawM
ing speed induce changes of opposing signs in the two terms.

Power function (6) has a minimum with respect#td1,3,4],

1/2
_ Ob
Vopt"’3 l/4<_gD>
Pa
4pg/2g3/2D7/2
33/4p§/2
At this optimum the power spent on lifting the body is

(7)

Wmin ~ (8)

2 2
three times larger than the power needed to overcomeG\,::gl/z(VLpt) +31/2(L)
the drag. Here we have an example of optimal allocation, 4

or optimal partition, which is a common occurrence in

~ ,obD32

-1/2 1/3
/ pb/ g3/2M7/6Fv

This form shows that the power required for flying is almost
proportional to the total mass of the aircraft. We show this
more clearly by dividing Eq. (11) by the spe&d

W ~ GyMgV

where

(12)

13
Vopt (13)

The factorGy is approximately 2 wheiv is of the same

thermodynamic optimization and constructal theory [1,5]. order asVopt. In conclusion, the flying power requirement is
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proportional to the total mass of the aircraft. In the following reversible, and is represented by the lower white trapezoid
sections we ask how the flow components of the aircraft in Fig. 2. The temperatur&, represents the ambient. The
contribute toM, and how their sizes can be selected such length L traveled by the hot stream is proportional to the
that the overall consumption of fuel is minimized. heat transfer areay = pL, wherep is the heat transfer area
per unit of flow path length.
The power producing compartment is a succession of
3. Larger power systemsare mor e efficient many infinitesimal reversible compartments of the kind
shown in the center of Fig. 2. The infinitesimal power output
Eq. (12) withGy ~ 2 shows that a smalle¥ is desirable  is dWrey = [1 — To/Ts(x)]dQn, where the temperature
from the point of view of minimizing the fuel consumed for is plotted on the vertical, and@ = ricpdT. The heat
the mission. A smaller total masa/() demands a smaller transfer through the heat exchanger arealsia= [T (x) —
amount of fuelns, and, necessarily, a more efficient power Ts(x)]JUpdx. Combining these equations and integrating
plant. Higher thermodynamic efficiencies go with larger fromx =0tox =L = A/p while treatingU as a constant
sizes, in both power plants and refrigeration plants [6,7], we arrive at the finite-area constraint and the total power
and this works against the spirit of minimizirg and W. output:
The identification of the relationship between improved 7,
thermodynamic performance and increased size (mass) is dT UA
. - ; . = — =Ny (15)
essential to the problem of determining the optimal size of T—Ts ricp
components in a complex energy system. Tout
Assume that the steady flight described in Fig. 1 is Ti T
powered by the burning of a steady stream of fuel of flow vy, = / (1_ —0>n'chdT (16)
rate ms. Assume further that the combustion occurs in an Ts
adiabatic chamber situated upstream (to the left) of Fig. 2. ) o
Combustion produces a gaseous stream of combustion! here are two degrees of freedom in the maximization of
products of flow rater and adiabatic flame temperatuifig. the power extraction raté/re,: the shape of the surface
Parameters: and Ty are known as soon as the fuel flow rate temperature functloiﬂs(x?, and the place of this function on
and the combustion reactants are specified. The flow rate ofth® temperature scale (i.e., closer7ig or To). The second

Tout

products is proportional to the rate of fuel consumption, degree of freedom is alternately represented by the value of
. the exhaust temperatufgyt.

ﬁ =c1<1 (14) Maximization of Wyey is achieved when the optimal hot-

m stream temperature distributi@(x) is exponentialin, and

The problem of the maximum power that can be extracted so is the temperaturgs(x) along the hot end of the system
from the stream of hot gase# (T1) was treated in Ref. [8].  that converts the heating into mechanical power. At any
With reference to Fig. 2, it was assumed that the interface x, the temperature difference across the heat exchanger is
between the hot stream and the rest of the power plant is aproportional to the local absolute temperature. The optimal
heat transfer surface of finite siZzeand overall heat transfer  solution can be implemented in practice by using a single-
coefficientU. The rest of the power plant is modeled as phase stream in place of tlig(x) surface: this stream runs

m, Ty

Fig. 2. Power plant model with unmixed hot stream in contact with a nonisothermal heat transfer surface.
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> The hot-gas flow raten is related to the fuel rateis by
i Eq. (14). If the amount of fuel is:, and the flight time is,
4 then
Wmm T g =mi/t (21)
3 —
| Substitutingm = m¢/(c1t) and Eq. (1) into Eqg. (20), we
obtain
2 c -
| C—lchv(l—i- ma + n~1f)7/6 =t Wmm (22)
2
17 where
i 1/3 1/6
0 pb/ g3/2m0/ /
T T T T IIII] T T T 1T IIII T T T T TTTIT C3 — 1/27
0.1 1 10 100 pa’cpTo
Ny ma =mpa/mo (23)

Fig. 3. The maximum power extracted from a stream of hot gas, by using a mf = mg/mo

heat transfer surface of finite size. On the right side of Eq. (22)Wmm is a function of
Tw/ Ty (fixed) andNy, (variable). The latter is related to the
in counterflow relative to the hot stream The counterflow ma/ms ratio in the following way. The mass of the heat
imbalance (the ratio between the capacity flow rates of the transfer hardware isia = Adpa, Wheres and pa are the
two streams) is the result of thermodynamic optimization. thickness of the heat transfer wall and the density of the wall
The production of maximunWey is represented by the  material. Substitutingt = ma/(8pa) andm = ms/(c1¢) into

equations [8] Nw = UA/micp we obtain

. 1/2 A citU

Wmm _Tu Tou <TL“t> In L (17) Nw = c4a—, ca=3 (24)
mcpTo  To To To Tout mg PACD
Tout L 1 | Ty \ 2 L 18 Eq. (22), Fig. 3 and Eq. (24) establigh, as a function
o \" 7 Nu n Tout = (18) of ms. A certain size fza) is needed in order to perform

) the flying mission using a certain amount of fuek{). The
from which T,y can be eliminated to obtaimm as a  relationship between these two masses is illustrated in Fig. 4,
function of imposgd parameters: (T, To). The subscript  which was drawn by assuming = 0.0148 F, =1, c3 =
mm indicates thaWre, was maximized twice, with respect 1051 andc4 = 2831. The value ofc; corresponds to a
to the Ts(x) function andToy. The result of combining  fuel/air ratio of 0.015. The value af is based on assuming

Egs. (17) and (18) is the dimensionless function pa=0.414 kgm=3, Tp = 223 K, pp = 10? kg-m~3,¢cp =

W T 1157 Jkg~1-K~1, mg = 10° kg ands = 5 h. The values
—M  Wm <Ntu, —H) (29) selected foflp and e, correspond to the standard atmosphere
mcpTo To at an altitude of 10 km [9]. In addition, we fixed the

which is presented in Fig. 3. The power output is larger when temperature ratidy/ 7o = 7. The values oty and 7w/ To
the heat transfer ared/() is greater. Larger power plantsare  are representative of kerosene fuel combustion [9]. The
more efficient. A similar trend is exhibited by refrigeration constantc, value is the one normally used for the hot-end
and liquefaction plants, where the second law efficiencies 9as stream [9]. Thes value was calculated by assuming
of existing plants increase as capacities (refrigeration loads)c1 = 0.0148 § = 0.3 mm, pa = 2707 kgm~2 (aluminum)
increase [6,7]. andU = 10* W-m—2.K~1,
Fig. 4 shows that the relation betwegn, andm; has
the special property that at sufficiently large values

4. Opt|ma] areag'ze, and op“maj amount of fuel the fUnCtionﬂlA(ﬂlf) is double-valued. For a giVen rate of
propulsive power 42), the amount of fuel must exceed a

The purpose of the power produced by the engine is certain minimum level for the design to be viable. In the
to provide the power necessary for sustaining the flight "umerical case of Fig. 4, the minimun is of order 1,
and all the other energy-system requirements on board.Which means that the minimum fuel mass is comparable
Consequently, the estimate shown on the right side of with the mass of the rest of the aircrafitd). At this stage

approximation (11) is a significant fractiony(< 1) of the we do not have a r.ational or intuitive basis on v_vhich tq
Wmm estimate provided by Eq. (19) discard the dashed-line portions of the curves. Their place in

5 the optimization results continues to be indicated by dashed
pa 2 pe2e®2M7/® Ry = crircpToWimm (20) lines (Figs. 4 and 6
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Fig. 6. Balanced counterflow heat exchanger.

Fig. 4. The relation between area size and amount of fuel. > Optlmal heat eXChanger Size
As a second example of the optimization of the size

10 of a component, consider the balanced counterflow heat
exchanger shown in Fig. 6. By optimal size, we mean
the size that minimizes the sum of lost power due to
irreversibilities and the power invested in carrying the heat
exchanger on the aircraft.

We use the simplest heat exchanger description, where
only the irreversibilities associated with temperature differ-
ences are taken into account. The heat transfer performance
is described by the effectivenesgg formulas,

_ TH — TH,out _ Tiout—T1 _ Nyy

&= = = (25)
Tyw—T Tw—TL 14 Ny
0001 o001 o1 3 from which the two outlet temperatures can be calculated,
my Trout=TH(1—¢) + T (26)
iy Tiou=TL +&(Th — TL) (27)

Fig. 5. The minimization of the total mass with respect to the mass

. . The degree of thermodynamic imperfection of the heat
allocation ratio.

exchange process is indicated by the entropy generation rate,

TH,out

. Ti
Sgenar = rircpIn +rircpIn LT*"”‘ (28)
L

Optimization means to minimize the flying power re-
quirement (the left side of Eq. (22)), the total mass
(1+ ma +ms), or the sum(ma + ms). The variation of
(ma + mf) with respect to the mass allocation rafig, /7 WiostaT = ToSgen (29)
is shown in Fig. 5. There is an optimal area size, and a corre-
sponding amount of fuel, such that the overall performance
of the aircraft is maximized. The minima ofify + ) fall
on the solid portions of the curves, indicating that the trade- . . Ny 1 1L
off betweenm; andma is associated with the descending Wiostar = mcpTO{'”[1+ N <N_tu + T_H)]
portions of thena (1i£) curves shown in Fig. 4. The optimal N T
ratio ma /ms is approximately 0.06, and is relatively inde- + In[l+ u <—H — 1)“ (30)
pendent of the assumed power transmission factomhe Nu+1\TL
minimum of the group (na + m¢) is of order 1, because In summary, Eq. (30) indicates the power lost due to
ms > ma andms ~ 1. Comparing Fig. 5 with Fig. 4, we  temperature differences, as a function of the heat exchanger
conclude that the minimak; values identified in Fig. 4 are  size (V).
in the range where the groupi(a + ;) reaches its mini- The minimum work required to carry a heat exchanger
mum. of mass m on board during a flight at near-optimal speed

The corresponding rate of exergy destruction is [6]

This exergy was originally generated by burning fuel.
Equation (29) can be rewritten using Egs. (25)—(28),
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V is proportional to ghgL, whereL is the distance traveled ¢5=0.01
(Ref. [1, p. 239]). Per unit time, we have 0.3 Ty =15
W~ 2mgV (31) L=
in agreement with Eq. (12). The optimal or near-optimal 0.2 . .
speedV is dictated by the total mass of the aircraft). ' Wiost, aT + W
We assume thaV is independent of the heat exchanger
mass fz), becausen is a small fraction of the total aircraft W
mass. The mass of the heat exchanger is proportionél;to 0.1+

Um -
Nu= I’)"leapA (32) Wlost, AT

0 I I I

so that Eqg. (31) becomes 0 s 10 15 20
W~ 2ngcp5,0ANtu/U (33) Ntu

Next, we assume that the heat transfer duty of the heat

exchanger is fixed [10],

Fig. 7. The optimization of the size of the counterflow heat exchanger.

. . 0.6
0 = me(TH - TH,out) T =1
= mep(TL,out— TL) = mcpe(Ty — T1) (34)
Using the nondimensional groups, 12 |
W T Ny, opt €5
W=—, 1=_— (35) 0.4
0 I ‘
we can rewrite Eq. (30) as
W’Iost,AT |
14Ny { [ N <i+r_L>}
Nuw(th —101) 1+ Nw\Nu 7H 0.2 T T T T T T T
Nu (T 1.1 1.2 1.3 1.4 1.5
+In{1+ — -1 36
[ Nw+1 < L )] } (30) H
which in the limit Ny, — 0 has the property Fig. 8. The optimal size of the counterflow heat exchanger.
~ TH—TL
W = 37 .
lost, AT THTL (37) Neo Sgen _ |:25696(R/Cp)fl:|1/4
Eq. (33) becomes S ey 27a2S13
~ c5 2gVEVa 6 1/4
W= (Nuw+1), 5= ALY (38) + 2589%(R/cp) f2 (39)
- UTo 273513

For examplecs = 1.18 x 10~° whens = 0.3 mm, pp =
2707 kgm=3, U = 10° W-m2.K~1, 75 = 298 K, and
V =800 kmh~1,

The objective is to minimize the suRiost a7 + W. Fig. 7
shows the emergence of an optimal heat exchanger§igze,

The exergy destroyed by the heat exchanger decreases as t

Subscripts 1 and 2 refer to the two sides of the heat transfer
surface, whileS represents the Stanton numbef, the
friction factor, and is a dimensionless parameter fixed by
T1 andT»:

_ (B —T)?

111>

(40)

size increases. At the same time, the fuel exergy destroye
for the purpose of flying the heat exchange_r mass incregsesThe dimensionless areas swept by each stream are
The balance between these two effects yields the optimal
size, which is reported in Fig. 8 as a function ©f and
¢5. The optimalNy, is proportional tcz-;l/z , and increases
weakly with . If we consider the simple case whete = Ao = A/2, P1 =
The optimization can be refined by taking into account P, and the flow conditions
the irreversibility due to fluid flow. For example, it was i f f
shown that in the ideal heat exchanger limit (sm=!l and 253~ 253 250
AP), the entropy generation rate subject to area constraint“1>1 9292 ¢
and fixed Reynolds number is [6] then the exergy lost because®f's andA Ps is

A1
a12=—-= (2p P1.2)Y/? (41)

(42)
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tal mass and volume decrease. Larger flow resistances lead
to higher rates of exergy destruction and, globally, to the re-
guirement of installing more fuel on board. More fuel means
more weight.

This conflict, which was analyzed in several examples
in the paper, is summarized in Fig. 9. The total installed
N weight of a system is the sum of the actual weight of the
welght system and the weight of the fuel that must be used in order
to produce the exergy that is ultimately destroyed by the
system. The total weight installed on board has a minimum,
which identifies the optimal size of the system. This tradeoff
0 system is fundamental: we can expect it in every flow system, in

size every vehicle and living system (e.g., animal), no matter how
complex.

weight

total weight

system
exergy
destruction,

or weight of
necessary fuel

Fig. 9. The minimization of the total weight associated with a flow system:
The weight of the system plus the weight of the fuel installed on board to
account for the exergy destroyed in the system.
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